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The framework of measurement-based quantum computation (MBQC) allows us to view the
ground states of local Hamiltonians as potential resources for universal quantum computation. A
central goal in this field is to find models with ground states that are universal for MBQC and
that are also natural in the sense that they involve only two-body interactions and have a small
local Hilbert space dimension. Graph states are the original resource states for MBQC, and while
it is not possible to obtain graph states as exact ground states of two-body Hamiltonians, here
we construct two-body frustration-free Hamiltonians that have arbitrarily good approximations of
graph states as unique ground states. The construction involves taking a two-body frustration-free
model that has a ground state convertible to a graph state with stochastic local operations, then
deforming the model such that its ground state is close to a graph state. Each graph state qubit
resides in a subspace of a higher dimensional particle. This deformation can be applied to two-
body frustration-free Affleck-Kennedy-Lieb-Tasaki (AKLT) models, yielding Hamiltonians that are
exactly solvable with exact tensor network expressions for ground states. For the star-lattice AKLT
model, the ground state of which is not expected to be a universal resource for MBQC, applying
such a deformation appears to enhance the computational power of the ground state, promoting it
to a universal resource for MBQC. Transitions in computational power, similar to percolation phase
transitions, can be observed when Hamiltonians are deformed in this way. Improving the fidelity of
the ground state comes at the cost of a shrinking gap. While analytically proving gap properties
for these types of models is difficult in general, we provide a detailed analysis of the deformation of
a spin-1 AKLT state to a linear graph state.
I. INTRODUCTION
In measurement-based quantum computation
(MBQC), universal quantum computation is realised by
measuring individual particles in a specially entangled
multipartite state called a universal resource state. A
goal of recent research has been to find local Hamiltoni-
ans with ground states that are universal resource states.
This could lead to efficient means of preparing resources
and, for gapped models, could provide a natural way of
protecting resources against thermal errors.
If such proposals are to eventually be realised in an ex-
periment, it is necessary to put restrictions on the Hamil-
tonians such that they better resemble physical spin sys-
tems. One basic restriction is that the Hamiltonian is
two-body, i.e. each interaction term acts non-trivially
on at most two particles. A number of two-body mod-
els have been found to have ground states universal for
MBQC [1–6].
Furthermore, any specific Hamiltonian can only be ap-
proximately realised in an experiment. Therefore, for
MBQC it is more useful to look at ground states of fam-
ilies of Hamiltonians, for instance those connected by
small perturbations, rather than specific Hamiltonians.
A central question is whether universality for MBQC can
be regarded as a robust property of a family of Hamiltoni-
ans, akin to properties characterising quantum phases of
matter. We will call a connected region in the parameter
space of a Hamiltonian with ground states universal for
MBQC a computational phase. Previous work on com-
putational phases has investigated the cluster model in
external fields (also at non-zero temperature) [7, 8], with
competing Ising interactions [9], in three dimensions at
non-zero temperature [10], with error-suppressing inter-
acting cluster terms [11], and under general symmetry
preserving perturbations [12, 13]. For two-body mod-
els, studies have looked at the Haldane phase in one di-
mension [14], an anisotropic AKLT model on a honey-
comb lattice [15] and versions of the Hamiltonians in Ref.
[6], which can also be universal at non-zero temperature
[16, 17].
Many of the above-mentioned models are frustration-
free, meaning that the ground state of the Hamilto-
nian also minimises the energy of each interaction term.
This is useful for MBQC because it means that in-
teraction terms can be switched off without causing
the ground state to evolve. Interaction terms must be
switched off before a particle is measured or the post-
measurement state, no longer an eigenstate, will evolve
in time. (We note, however, that always-on interac-
tions may be compensated for in some simple models by
measuring at a characteristic clock speed [6, 18]. Fur-
thermore, frustration-freeness is not always needed to
adiabatically switch off individual interactions without
aversely affecting the ground state [19].) Frustration-free
Hamiltonians are also convenient for analytical study be-
cause their ground states are often exactly solvable with
properties that can be computed easily with tensor net-
work methods [20, 21].
Much of the motivation for finding new models for
MBQC comes from the fact that graph states, the origi-
nal universal resource states for MBQC [22], do not ap-
pear to arise as ground states of natural Hamiltonians.
A graph state |G〉 of N qubits, defined with respect to a
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2graph G of N vertices, is the state obtained by placing a
qubit in the |+〉 = 1/√2(|0〉 + |1〉) state at each vertex,
and applying a controlled-Z gate CZ = exp (ipi|11〉〈11|)
to any pair of qubits connected by an edge. Any graph
state is a stabilizer state, and is therefore the unique
ground state of a Hamiltonian defined simply as the neg-
ative sum of its stabilizer generators. However, these sta-
bilizer Hamiltonians are three-body for one dimensional
graph states and at least four-body for two dimensional
graph states, and are thus unnatural.
One might hope for a two-body Hamiltonian with
a graph state as a unique ground state, however, for
spin-1/2 Hamiltonians, this has been proven impossible
[23, 24]. Frustration-free Hamiltonians are even more
restrictive: the ground space of any frustration-free two-
body spin-1/2 Hamiltonian is unentangled [25, 26].
One proposal for bypassing these no-go results is using
perturbation theory, where ground states are approxi-
mate, rather than exact, graph states. The Hamiltonians
in these proposals are two-body with spin-1/2 particles
however the local Hilbert space dimension is effectively
enlarged by either encoding graph state qubits on mul-
tiple physical particles [1, 27], or by using ancilla par-
ticles [24]. By reducing the perturbation parameter in
these models, the ground state can be made arbitrarily
close to, but never exactly equal to, the target state at
the cost of a shrinking gap. Unlike many of the other
schemes mentioned above, these Hamiltonians are neces-
sarily frustrated.
In this paper we present a different type of two-body
Hamiltonian that has an approximate graph state as
a unique ground state, but, unlike previous perturba-
tive constructions, is frustration-free. To obtain such
a Hamiltonian, we take a frustration-free Hamiltonian
on higher dimensional particles (e.g. spin-3/2) with a
ground state convertible to a graph state with stochas-
tic local operations, then deform it such that its ground
state is arbitrarily close to, but never exactly equal to,
a graph state. Each graph state qubit is encoded into a
two dimensional subspace of each physical particle.
In section III we will show how this deformation can
drive a spin model into a computational phase, i.e. a re-
gion where the ground states are universal for MBQC. We
will illustrate this with an concrete example: the spin-3/2
Affleck-Kennedy-Lieb-Tasaki (AKLT) model on a star
lattice [28]. The ground state of this model is not sus-
pected to be universal for MBQC, unlike other trivalent
AKLT states or a graph state on the same lattice. The
Hamiltonian deformation applied to this model smoothly
transforms the ground state from the star-lattice AKLT
state to the star-lattice graph state. We observe a tran-
sition in computational power when the ground state be-
comes sufficiently close to a graph state. Errors arising
from not having an exact graph state as a ground state
manifest as defects in the resulting graph, which do not
affect computational universality if they occur with suffi-
ciently low probability. We will generalise this approach
and show how a variety of spin models can be driven into
a computational phase.
Having explored computational aspects of this type of
deformation, in section IV we will direct our attention
to other properties of interest. One crucial property is
the spectral gap. For two-body Hamiltonians, due to the
no-go results stated above, there must be a trade-off be-
tween the fidelity of the ground state with a graph state
and the gap. Proving the existence of a gap is, unfor-
tunately, difficult in general. Thus, while our interest
is ultimately in two dimensional systems which can be
universal for MBQC, in this paper we will restrict most
of our discussion of spectral properties to 1-D systems
where precise statements can be made. In this section
we will also provide some discussion about elementary
excitations in these models and the spectral differences
between two-body and higher-body Hamiltonians.
We will conclude with a discussion of future directions
for research in section V.
II. MODEL DEFINITIONS AND NOTATION
In this section we will define families of frustration-
free Hamiltonians that have graph states as approximate
ground states. First we will describe the importance of
local operations and classical communication (LOCC)
and quantum state reduction in MBQC. We will then
use these ideas to construct frustration-free Hamiltoni-
ans with graph states as approximate ground states.
A. Local conversion to graph states
In the framework of MBQC, aside from the initial
preparation of a resource state, the only allowed oper-
ations are local operations and classical communication
(LOCC). Here we will outline how certain states can be
related to graph states by LOCC, an idea that we will use
in the next section to construct frustration-free Hamilto-
nians with graph states as approximate ground states.
A useful property that all known universal resource
states possess is that they can be efficiently converted
to universal graph states with single-particle measure-
ments. If one can show that an N × N cluster state (a
graph state on a square lattice) can be obtained by ap-
plying LOCC to an entangled state |ψ〉 of poly(N) parti-
cles, then we have a proof that |ψ〉 is a universal resource
for MBQC. This conversion, called quantum state reduc-
tion [29], can be used to show that the following states
are universal resources for MBQC: the tricluster state
[2], spin-3/2 AKLT quasi-chains [30, 31], spin-3/2 AKLT
states on a variety of 2-D lattices [4, 28] spin-3/2 and
spin-2 AKLT states with a commuting structure [6] and
certain mixtures of spin-2 and lower spin AKLT states
[32]. The resource states described in [33], whose uni-
versality was proven using tensor network methods, are
universal state preparators [30] and thus can also be used
to efficiently prepare cluster states.
3We can define a more general class of states by those
that can be converted to an N × N cluster state with
LOCC but with no restriction on efficiency. Included in
this class are AKLT states with higher dimensional spins
(e.g. spin-2), the spin-3/2 AKLT state on a star lattice
[28] and the spin-3/2 AKLT state on a honeycomb lattice
that has been deformed into a Ne´el ordered phase [15, 34].
In each of these examples, no deterministic measurement
procedure is known to convert the states efficiently into
N × N cluster states. However, given an exponential
amount of time and an exponentially large copy of the
state, we can obtain an N ×N cluster state with LOCC.
Because of the exponential overhead involved in convert-
ing these states to cluster states, we cannot conclude that
these states are universal resources for MBQC.
One final class of states that we mention consists of
states that can be converted to 1-D graph states, but not
universal graph states, with LOCC. This includes 1-D
AKLT states [35] and quantum computational wires [36].
To use these states for universal quantum computation,
additional operations other than LOCC are required.
Many of the states mentioned in this section are unique
ground states of two-body frustration-free Hamiltonians.
This is an appealing property, and is why they are stud-
ied as alternative resource states to graph states. In the
following, we will show that these two-body Hamiltoni-
ans may be deformed such that their ground states are
approximate graph states.
B. Frustration-free Hamiltonians with unique
ground states close to graph states
Here we will describe a class of frustration-free mod-
els that have approximate graph states as unique ground
states. To exclude trivial cases, here and throughout
this paper we will assume that a graph state has N ≥ 3
qubits, and each qubit has degree d ≥ 2. A conve-
nient property of frustration-free Hamiltonians is that
each interaction term can be replaced a projection with-
out changing the ground space. Hence, for many pur-
poses, it is often only necessary to consider frustration-
free Hamiltonians that are sums of projectors, rather
than generic frustration-free Hamiltonians. A Hamilto-
nian of this form must have a ground state energy of
zero. We will use this property in the following, where
we show that graph states cannot be exact ground states
of two-body, frustration-free Hamiltonians.
1. No-go result for for graph states as exact ground states
of two-body frustration-free Hamiltonians
Here we will show that it is not possible to obtain an
exact qubit graph state as a unique ground state of a
two-body frustration-free Hamiltonian. This is already
known for qubit Hamiltonians [26], even without the
frustration-free property [23, 24] and we will provide a
simplified proof here for the special case of frustration-
free, two-body qubit Hamiltonians, which we will then
generalise to higher dimensional particles. For qubit
Hamiltonians, we can prove this no-go result using prop-
erties of stabilizer states. A graph state |G〉 of N qubits
is a stabilizer state with a generating set of stabilizers
given by the set of N Pauli operators Xi
∏
j∈ni Zj for
each vertex i, where ni is the set of vertices neighbour-
ing i. Any other generating set of stabilizers for |G〉 can
be obtained by taking products of stabilizers from this
set. For a stabilizer state, the entanglement entropy of a
region of spins A is the minimum of 12 |SAB |, where SAB
is the set of stabilizer generators that act non-trivially
on both A and its complement B and the minimum is
taken over all generating sets for the state [37]. Now let
A be any pair of particles i and j. It is not difficult to see
that, provided i and j both have degree greater than two,
|SAB | = 4 and thus the entanglement entropy of A is 2
(this will hold whether i and j are neighbours or not).
This implies that the reduced density operator for these
two qubits is full-rank and proportional to the identity
(i.e., maximally mixed). Hence, any non-zero interaction
term hij (which we assume without loss of generality is
a projection operator) applied to particles i and j will
have non-zero energy, i.e. 〈G|hij |G〉 = tr(ρijhij) > 0.
In other words, we cannot add a two-body interaction
term to the Hamiltonian between particles i and j with-
out adding frustration. This holds true for any pair of
particles i and j, and hence any two-body Hamiltonian
with |G〉 as a ground state must either be frustrated, or
zero. This is sufficient to prove that graph states can-
not be unique ground states of two-body, frustration-free
qubit Hamiltonians.
We will now generalise this no-go result to the case
where each graph state qubit resides in a subspace of
a higher dimensional particle. More precisely, we con-
sider a system of N particles each with a local dimen-
sion of at least 2, and a non-trivial graph state |G〉 of
N qubits encoded into the particles such that for each
particle i, there exists a rank-2 projector Pi such that
P1⊗P2⊗· · ·⊗PN |G〉 = |G〉. In other words, graph-state
qubit i resides in the two-dimensional image of Pi, which
we will call the logical subspace of that particle. Let
H =
∑
〈i,j〉 hij be some two-body, frustration-free Hamil-
tonian with |G〉 as a zero-energy ground state. Using the
same stabilizer argument above, the reduced density op-
erator of any pair of particles i and j is ρij = Pi ⊗ Pj ,
i.e. it is maximally mixed on the logical subspace of
particles i and j. The kernel of any interaction term
hij acting between i and j must contain the image of
Pi ⊗ Pj , as otherwise the energy of the interaction term
〈G|hij |G〉 = tr(hij(Pi ⊗ Pj)) will be greater than zero
(and thus frustrated). However, if the kernel of hij con-
tains the image of Pi ⊗ Pj , then any two-qubit state in
the logical subspace of particles i and j will have zero
energy. As this holds for any pair of particles i and j, a
two-body Hamiltonian of the form H =
∑
〈i,j〉 hij , satis-
fying hij |ψ〉 = 0 for all interaction terms hij will have at
4least a 2N -fold ground space degeneracy corresponding
to the image of P1 ⊗ P2 ⊗ . . . PN . Therefore, we cannot
obtain an exact graph state as a unique ground state of a
two-body, frustration-free Hamiltonian, even when each
graph state qubit is encoded into a higher dimensional
physical particle.
2. Approximate graph states as ground states
While having exact graph states as unique ground
states of two-body frustration-free Hamiltonians is not
possible, it is possible to obtain arbitrarily good approx-
imations to them. Let H =
∑
hα be a local Hamiltonian
acting on N particles with positive interaction terms hα
and a unique ground state |ψ0〉. We will assume that the
model is frustration-free, with hα|ψ0〉 = 0 for all α. We
also assume that there exists a set of rank-2 projection
operators (Pj)
N
j=1 such that |G〉 := P1⊗P2⊗· · ·⊗PN |ψ0〉
is an N qubit graph state, where graph state qubit j re-
sides in the two-dimensional image of Pj . This condi-
tion is satisfied by many of the states mentioned in the
previous section (the only exceptions possibly being the
universal state preparators which generate graph states
in a way that does not preserve locality properties of the
original state).
Given such a Hamiltonian and a set of rank-2 pro-
jectors (Pj)
N
j=1 we define a one-parameter family of op-
erators at each site j, which we call deformation oper-
ators, by Dj(δ) = δPj + (1 − Pj) where δ ≥ 0. We
will use the fact that Dj(δ) has an inverse given by
Dj(δ)
−1 = δ−1Pj + (I − Pj) for δ > 0. In order to
keep our deformed Hamiltonian in the form as a sum of
projectors (for convenience) we define a local map Q as
follows. If A is an operator we define Q(A) to be the pro-
jection onto the orthogonal complement of the kernel of
A, such that Q(A) has the same kernel as A but only has
eigenvalues 0 and 1. We define the deformed interaction
term by
h˜α(δ) := Q
⊗
j∈rα
Dj(δ)
hα
⊗
j∈rα
Dj(δ)
 , (1)
where rα is the set of particles on which hα acts non-
trivially. The model H˜(δ) :=
∑
α h˜α(δ) is frustration-free
and for δ > 0 has a unique ground state given by
|ψ0(δ)〉 :=
 N⊗
j=1
Dj(δ)
−1
 |ψ0〉 . (2)
This state satisfies |ψ0(1)〉 = |ψ0〉 and limδ→0 |ψ0(δ)〉 =
|G〉. Thus, the unique ground state of H˜(δ) can be made
arbitrarily close to a graph state |G〉 by setting δ suffi-
ciently small. Hence we can define frustration-free Hamil-
tonians that have graph states as approximate ground
states.
While reducing δ towards 0 increases the fidelity of the
ground state with a graph state to 1, the Hamiltonian
H˜(0) obtained by setting δ = 0 does not have |G〉 as
a unique ground state. The interaction term h˜α(δ) loses
rank at δ = 0 (compared to δ > 0) and the overall ground
space of H˜(0) is highly degenerate. Hence, as expected,
this construction does not allow us to get exact graph
states as unique ground states, only approximate ones.
This construction transforms the ground state in a sim-
ple way, especially if the undeformed ground state |ψ0〉 is
a projected entangled pair state (PEPS). A PEPS is de-
fined with respect to a graphG, where each vertex is asso-
ciated with a physical particle, and each edge associated
with a bond. For each edge e = (u, v) in G place a max-
imally entangled bond state |ω〉 = ∑Di=1 |ii〉, where D is
called the bond dimension, and associate one particle of
|ω〉 with u and the other with v. For each vertex v define
an operator Pv : (CD)⊗p → Cdv that maps all p bond
particles associated with vertex v to a dv-dimensional
physical particle. The PEPS |ψ〉 = ⊗v Pv⊗e |ω〉e is
then obtained by mapping all bond particles to physi-
cal particles. If the undeformed ground state is a PEPS
state with operators Pv then the deformed ground state
|ψ0(δ)〉 is also a PEPS with operators given simply by
Dv(δ)
−1Pv. We remark that this deformation is similar
to the deformation used in Ref. [38] that takes a PEPS
to its standard isometric form. Clearly, the deformation
cannot change the bond dimension of the PEPS.
The deformation also preserves frustration-freeness
and the locality of interaction terms: deforming k-local
Hamiltonians yields k-local Hamiltonians. In particular,
two-body Hamiltonians remain two-body Hamiltonians
under this deformation. Finally, if the undeformed |ψ0〉
can be converted to a graph state |G〉 with LOCC, then
so can any deformed state |ψ0(δ)〉. However, the statis-
tics of this conversion will, in general, vary with δ.
The path of Hamiltonians H˜(δ) specifies a continuous
path of ground states |ψ0(δ)〉 for δ ∈ (0, 1]. States along
this path are related by stochastic local operations and
classical communication (SLOCC) [39]. Two N -particle
states |φ〉 and |θ〉 are said to SLOCC equivalent if there
exists a collection of N invertible local operators (Aj)
N
j=1
such that A1 ⊗A2 ⊗ · · · ⊗AN |φ〉 = |θ〉. The operational
meaning of two states |φ〉 and |θ〉 being SLOCC equiva-
lent is that it is possible to convert |φ〉 to |θ〉 and vice-
versa with LOCC with a non-vanishing (although possi-
bly exponentially small) probability of success. From Eq.
(1), we see that varying δ > 0 keeps the ground state
within the SLOCC class of the undeformed ground state
|ψ0〉. By replacing the deformation operators (Dj(δ))Nj=1
by arbitrary positive invertible operators (Aj)
N
j=1 in the
definition of h˜α(δ) we can construct a frustration-free
parent Hamiltonian for any state within the SLOCC class
of |ψ0〉.
A previous study has investigated the computational
universality of SLOCC deformed graph states [40]. In
this work, it was shown that under particular types of de-
5formations, graph states (on certain graphs) will remain
universal for MBQC. In contrast, the SLOCC classes
we consider contain arbitrarily good approximations to
graph states, but not exact graph states. It should also be
noted that SLOCC equivalence of two states does not im-
ply similar physical properties. For instance, it has been
shown that moving around an SLOCC class can result
in a phase transition (indicated by two-point correlation
functions) [21, 34].
In the remainder of this paper we will explore how
properties of the deformed model H˜(δ) change as the
ground state is deformed towards a graph state i.e. as
δ → 0. In Section III, we study a 2-D spin system for
which reducing δ to a constant value improves the compu-
tational properties of the ground state for measurement-
based quantum computation. In Section IV we explore
how physical properties, such as the energy gap, vary as
a function of δ.
III. UNIVERSALITY OF GROUND STATES
FOR MBQC
Here we will illustrate how a certain class of spin mod-
els can be driven into a computational phase charac-
terised by ground states that are universal for MBQC.
We will consider the spin-3/2 AKLT model on a star lat-
tice as an example. This model has a ground state that
is not expected to be universal for MBQC. Using the de-
formation described in section II B we will show how to
drive this model into a phase characterised by ground
states that are universal for MBQC. After this example,
we will explain how this may be done in general to a
variety of frustration-free spin models.
A. The spin-3/2 AKLT model
Here we will briefly review the spin-3/2 AKLT model
and how its ground state may converted to a graph state
with single-particle measurements, following [4]. The
spin-3/2 AKLT model is a frustration-free model that
may be defined on an arbitrary trivalent graph [35]. It
has a Hamiltonian given by
H =
∑
〈i,j〉
P J=3ij , (3)
where P J=3ij is the projector of particles i and j onto
the total spin J = 3 subspace of two spin-3/2 particles,
and the summation is carried out over all neighbouring
pairs 〈i, j〉. This model shares some similarities with
the Heisenberg antiferromagnet: it has full SO(3) rota-
tional symmetry and it penalises alignment of neighbour-
ing spins. However, the AKLT model and the Heisenberg
model have some significant differences. For instance, on
a honeycomb lattice the AKLT model has has exponen-
tially decaying correlation functions and there is strong
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FIG. 1: Illustration of how the graph state is encoded on the
post-reduction AKLT state. In (a) we have a small 2-D AKLT
state on a trivalent lattice, where each node corresponds to a
spin-3/2 particle, and is labelled according to the reduction
outcome obtained. In (b) nodes now represent domains of like
outcomes, and edges are bonds between domains. In (c) we
have illustrated the encoded graph state, obtained from (b)
by deleting edges modulo 2. Each node represents an encoded
qubit, and each edge a graph state edge.
numerical evidence of a gap (although this has not been
analytically proven) [41] while the Heisenberg model on
the same lattice has Ne´el order and is therefore gapless.
One reason why the AKLT model is easier to study than
the Heisenberg model is that it has an exactly solvable
ground state with a simple PEPS description which we
hereafter call the AKLT state |AKLT〉.
The AKLT state can be converted to an encoded graph
state with single-particle measurements [4, 5]. This is
done by applying a three outcome measurement to each
spin-3/2 particle. The measurement operators are de-
fined as follows. Let |m〉b be the spin-3/2 state satisfying
Sb|m〉b = m|m〉b where Sb is the spin-3/2 component
along the b axis, b ∈ {x, y, z}, and m ∈ { 32 , 12 ,− 12 ,− 32}.
The measurement operators for the initial reduction are
chosen to be {F x, F y, F z} where, for b ∈ {x, y, z},
F b =
√
2
3
(| 32 〉b〈 32 |+ |− 32 〉b〈− 32 |) . (4)
These operators satisfy the relation
∑
b=x,y,z F
b†F b = I
and therefore form a valid POVM. Each particle is mea-
sured, and a graph state is encoded on the post-reduction
state as follows (we have illustrated the encoding in Fig.
1). A domain is defined as a connected set of particles
with the same measurement outcome. Each domain en-
codes a single qubit in the graph state. An edge exists
between two encoded qubits if an odd number of bonds
(in the original lattice) connect the corresponding do-
mains.
The resulting graph state will have a graph structure
determined by the measurement outcomes and the graph
or lattice on which the AKLT model was defined. We will
specify lattices using their vertex configuration so, for in-
stance, a lattice specified by (4, 82) has a square and two
octagons surrounding each vertex. It has been shown
that ground states of the (63) honeycomb, (4, 82) square-
octagon and (4, 6, 12) cross-lattice AKLT models effi-
ciently yield cluster states that are universal for MBQC
[4, 28]. However, the ground state of the (3, 122) star-
lattice AKLT model (shown in Fig. 2) yields graph states
that do not possess the right connectivity properties for
6FIG. 2: The (3, 122) lattice, which we call the star lattice,
is an Archimedian tiling of the plane characterised by one
triangle and two dodecagons surrounding each vertex. We
have illustrated a particular three-colouring of the lattice.
universal MBQC (they are not reducible to square lat-
tice cluster states by single-particle measurement). This
is in contrast to a graph state defined on the star lattice,
which is universal for MBQC due to the fact that it can
be converted to a cluster state with single-particle mea-
surements. Thus, the star-lattice AKLT state appears
to have different computational properties to the star-
lattice graph state. We will use this example to show
how we can enhance the computational properties of the
star-lattice AKLT state by applying the deformation de-
scribed in Sec. II B
1. Deforming the spin-3/2 AKLT model
We will now deform the star-lattice spin-3/2 AKLT
model such that its ground state is close to the star lat-
tice graph state |G〉. Each particle is assigned one of three
deformation axes {x, y, z}, such that no two neighbour-
ing particles have the same deformation axis. In other
words, the deformation axes colour the lattice. We will
use the colouring illustrated in Fig. 2, however any three-
colouring of the star lattice will do. Let cj ∈ {x, y, z} be
the deformation axis of particle j. From the reduction
procedure described in Sec. III A, we observe that the
set of projectors
Pj = | 32 〉cj 〈 32 |+ |− 32 〉cj 〈− 32 | , (5)
defined for all sites j = 1, . . . , N will convert the star-
lattice AKLT state to a star-lattice graph state in the
sense that
⊗N
j=1 Pj |AKLT〉 = |G〉 (where graph state
qubit j resides in the logical subspace of particle j). As
{cj} colours the lattice, each qubit of this graph state
resides in a 2-D subspace of a single spin-3/2 particle.
Using this set of projectors, we can follow the con-
struction described in Sec. II B to deform the Hamilto-
nian such that its ground state is arbitrarily close the
star-lattice graph state. We define a set of deformation
operators by Dj(δ) = δPj + (1 − Pj) for j = 1, . . . , N .
The deformed model is then given by
H˜(δ) =
∑
〈i,j〉
Q ([Di(δ)⊗Dj(δ)]P J=3ij [Di(δ)⊗Dj(δ)]) ,
where Q is defined such that Q(A) is the projection onto
the orthogonal complement of the kernel of A. The model
H˜(δ) has a ground state that can be written down exactly
as
|ψ0(δ)〉 :=
 N⊗
j=1
Dj(δ)
−1
 |AKLT〉 . (6)
This ground state satisfies limδ→0 |ψ0(δ)〉 = |G〉, i.e. we
can make the ground state arbitrarily close to a graph
state by setting δ to be sufficiently small.
However, it is not necessary to reduce δ significantly
for the purpose of MBQC. We will show, in later sec-
tions, that it is possible to make a ground state universal
for MBQC by reducing δ to an N -independent constant,
which need not be very small (in the example considered,
we find a transition at δ ≈ 0.5).
To summarise, in this section we showed that the star-
lattice AKLT model can be deformed such that its ground
state approaches a graph state. In the following section
we will study how the statistics of state reduction on
|ψ0(δ)〉 change as δ is reduced.
2. Reducing deformed ground states to graph states
Here we will show how the reduction measurement, de-
fined in Eq. (4), can be altered to work for the deformed
AKLT states defined in the previous section. Specifically,
we will define a reduction procedure that transforms the
ground state |ψ0(δ)〉 for any δ ∈ (0, 1] to a graph state
with local operations. By looking at the statistics of this
reduction, we will find that the graph states obtained for
different values of δ have different computational power.
This will allow us to identify a computational phase con-
taining ground states that are universal for MBQC.
The reduction procedure involves applying a site-
dependent and δ-dependent measurement to each par-
ticle. We measure particle j with a measurement defined
by three operators {F˜ xj (δ), F˜ yj (δ), F˜ zj (δ)} which we define
for b ∈ {x, y, z} as
F˜ bj (δ) :=
(
3− δ2
2δ2
) δb,cj
2
F bDj(δ) , (7)
where δb,cj is 1 if b = cj and 0 otherwise, {F x, F y, F z}
are defined in Eq. (4) and Dj(δ) is the site dependent
deformation operator defined in the previous section.
One can check that these operators form a valid POVM
7i.e. F˜ xj (δ)
†F˜ xj (δ) + F˜
y
j (δ)
†F˜ yj (δ) + F˜
z
j (δ)
†F˜ zj (δ) = I for
any δ ∈ (0, 1] and any j. This is similar to the measure-
ment defined in [15] to convert deformed AKLT states to
graph states.
The collection of measurement outcomes, after mea-
suring all particles, can be represented as a string σ =
σ1σ2 . . . σN , where σj ∈ {x, y, z} labels which of the three
outcomes {F˜ xj (δ), F˜ yj (δ), F˜ zj (δ)} was obtained at site j.
The transformed ground state after measurement will be N⊗
j=1
F˜
σj
j (δ)
 |ψ0(δ)〉 ,
=
(
3− δ2
2δ2
) 1
2Nm(σ)
 N⊗
j=1
FσjDj(δ)Dj(δ)
−1
 |AKLT〉 ,
=
(
3− δ2
2δ2
) 1
2Nm(σ)
 N⊗
j=1
Fσj
 |AKLT〉 . (8)
where Nm(σ) =
∑N
j=1 δcj ,σj equals the number of sites
for which the deformation axis cj matches the outcome
σj and we note that we have left the state unnormalised.
Thus the post-measurement state for a given outcome σ
is independent of δ (ignoring its amplitude), and is iden-
tical to the state obtained from the undeformed model at
δ = 1. This state encodes a graph state on a graph that is
determined by the outcomes σ. However, as the relative
amplitudes of these states are δ-dependent, the probabil-
ity of getting any particular σ is also δ-dependent. We
will investigate this probability distribution in the follow-
ing section.
3. Statistics of reduction procedure
Here we will describe the statistics of the reduction
procedure described above. It was shown by Wei et al.
[4, 28] that the probability p1(σ) of obtaining a reduction
outcome σ for the undeformed, star-lattice AKLT state
is given by
pδ=1(σ) =
1
Z h(σ)2
|V (σ)|−|E(σ)| , (9)
where h(σ) equals 0 when σ contains a domain that is
not two-colourable and equals 1 otherwise, |V (σ)| is the
number of domains in σ, |E(σ)| is the number of inter-
domain edges in σ and Z = ∑σ h(σ)2|V (σ)|−|E(σ)| is a
normalisation factor. The h(σ) term arises due to the
fact that any domain that is not two-colourable must
contain a pair of aligned neighbouring spins | 32 〉b| 32 〉b or
|− 32 〉b|− 32 〉b, yet the AKLT state is orthogonal to any
such state. The presence of h(σ) forces domains to be
string-like. Using this fact, we can simplify the quantity
L(σ) := |V (σ)| − |E(σ)| that appears in Eq. (9). If we
imagine flipping a spin in σ, we see that L(σ) will increase
by 1 if and only if a loop of like outcomes is created, and
will decrease by 1 if and only if a loop of like outcomes is
lost. Hence L(σ) is equal to the number closed of loops
of like outcomes, up to an ignorable additive constant.
On the star lattice we can show that the 2L(σ) term has
a negligible effect. An intuitive reason for this is as fol-
lows. The smallest possible loop contributing to L(σ)
consists of twelve particles surrounding a dodecagon.
Only three of 312 possible outcomes on particles sur-
rounding a dodecagon correspond to loops of like out-
comes (one outcome for an x, y and z loop separately).
The 2L(σ) term will double the relative probability of such
loop outcomes, however the total probability that all out-
comes surrounding a given dodecagon match is still only
≈ 1.1 × 10−5. Larger loops will be exponentially sup-
pressed. Hence, for this particular lattice, we can safely
ignore the 2L(σ) term, as it only affects a tiny fraction of
all possible measurement outcomes.
If we now vary δ, the probability distribution changes
in a simple way. We see in Eq. (8), that the rel-
ative amplitude of a given outcome σ has a factor
of
(
(3− δ2)/(2δ2))Nm(σ)/2 compared with the ampli-
tude of the undeformed post-measurement state. Hence
the probability that σ is obtained when measuring the
ground state of H˜(δ) is
pδ(σ) =
1
Z(δ)h(σ)2
L(σ)
(
(3− δ2)/2δ2)Nm(σ) , (10)
where Nm(σ), L(σ) and h(σ) are as above, and Z(δ) =∑
σ h(σ)2
L(σ)
(
(3− δ2)/2δ2)Nm(σ) is a normalisation fac-
tor.
The term
(
(3− δ2)/2δ2)Nm(σ) is the only term affected
by varying δ, aside from the normalisation factor. One
can think of this term as a classical external field that
energetically favours one of x, y or z at each site, de-
pending on the site’s deformation axis. At δ = 1, this
term is 1 for all σj i.e., no site is biased towards any
particular outcome. In the limit as δ → 0, the sites will
be fully biased towards their deformation axes, i.e. we
will obtain σj = cj ,∀j with probability 1. In this limit,
the post-measurement state is |G〉, the star-lattice graph
state, which is known to be universal for MBQC. We
cannot, however, set δ = 0 as the ground space becomes
degenerate at this point. For any fixed, non-zero δ, the
probability of obtaining σj = cj (corresponding to an ex-
act star-lattice graph state) decays exponentially in the
system size. Fortunately, it is not necessary for the reduc-
tion to produce an exact star-lattice graph state, as graph
states on regular lattices can have a non-zero density of
defects and still be universal for MBQC [42]. As we will
explore in the following section, for any fixed δ the den-
sity of defects is roughly constant in the system size, and
when δ is below some critical, system-size-independent
value, the ground state will be a universal resource for
MBQC.
To summarise, in this section we outlined the reduction
procedure that converts the ground state of H˜(δ) into a
graph state, and we explained how the statistics of this
8process depend on the deformation parameter δ. In the
following section we will investigate the effect that this
has on the computational properties of the groundstate
for MBQC.
4. Finding a computational phase transition
Next we will investigate the computational universality
of the ground state of H˜(δ) as δ is varied. Recall that,
as δ varies in the range (0, 1], the ground state of H˜(δ)
varies smoothly from the star-lattice AKLT state (which
is not expected to be universal for MBQC) to the star-
lattice graph state (which is universal for MBQC). Here
we will show that there is a transition in computational
power at an intermediate value of δ.
Recall that we use the ground states of H˜(δ) for MBQC
by first reducing them to graph states, a process which
is stochastic with probabilities determined by Eq. (10).
Two conditions, stated in [4], will ensure that that such a
reduction procedure can efficiently produce cluster states
that are universal for MBQC:
C1 The size of the largest domain scales at most loga-
rithmically with the system size.
C2 The probability that the resulting graph state has
a crossing path tends to 1 in the thermodynamic
limit.
The first condition C1 will ensure that the number of
qubits in the resulting graph state is extensive. The sec-
ond condition C2, combined with C1, will ensure the exis-
tence of a macroscopic number of distinct crossing paths
in both lattice dimensions. In short, C1 ensures that the
resulting graph state has sufficiently many qubits, while
C2 ensures that the resulting graph states have sufficient
connectivity for universal MBQC. Together, these condi-
tions ensure that resulting graph states can be efficiently
converted to cluster states with single-particle measure-
ments.
We calculated whether the ground state of H˜(δ) satis-
fied these conditions for various values of δ ∈ (0, 1]. This
involved sampling graphs from of the δ-dependent distri-
bution Eq. (10) using Monte-Carlo methods, and check-
ing the domain size as well as the existence of a cross-
ing path in both lattice dimensions. We have illustrated
samples of post-measurement encoded graph states for
different values of δ in Fig. 3.
We found that C1 is easily satisfied for all values of
δ ∈ (0, 1]. Our Monte-Carlo sampling showed that the
domain sizes remain small, and in fact shrink to 1 as δ
tends to zero.
On the other hand, the second condition is only sat-
isfied for values of δ below some critical value δc. The
probability pspan of the resulting graph state having a
crossing path as a function of δ is plotted in Fig. 4. We
found a critical value of δc = 0.50 ± 0.01, below which
the probability pspan increases to 1 as the number of par-
ticles increases (i.e. satisfying the second condition), and
above which pspan decreases to 0 (violating the second
condition).
As both C1 and C2 are satisfied for δ < δc, the ground
ground states of H˜(δ) in this region are universal for
MBQC. The sudden appearance of a macroscopic graph
state at δ = δc is similar to a percolation phase transi-
tion. Given that the existence of a macroscopic graph
state implies universality for MBQC, we call the region
δ < δc a computational phase. Whether this phase is
characterised by some other physical property other than
universality for MBQC is not clear: correlation functions
(used to identify the phase boundary in Ref. [34]) are
exponentially decaying for all δ ∈ (0, 1]. One might hope
to prove the existence of a quantum phase transition at
δ = δc by showing that the gap (often used as the defin-
ing property of a quantum phase) closes at this point,
however there does not appear to be a straightforward
way to do this. We leave this question open to future
investigation.
To summarise, we have shown how the AKLT model
on a star lattice, which has a ground state not ex-
pected to be universal for MBQC, can be brought into
a computational phase where its ground state is univer-
sal for MBQC. In the following section we will show how
this approach may be generalised to drive a variety of
frustration-free models into computational phases.
B. General approach for driving frustration-free
models into computational phases
In this section we will outline the general approach for
obtaining computational phases of frustration-free spin
models. Many features of the star-lattice AKLT model
example, described above, can be carried over to the gen-
eral case.
As described in Sec. II B, our starting model must be
frustration-free, and there must exist a set of local rank-
2 projectors (Pj)
N
j=1 that converts its ground state to a
graph state |G〉. We can then define a one-parameter
family of models, which we call H˜(δ) : δ ∈ (0, 1], which
has a ground state that tends towards |G〉 as δ → 0.
While |G〉 itself may be universal, this alone does not
guarantee that the ground state of H˜(δ) is universal for
any non-zero δ. To show that the ground state of H˜(δ) is
universal for some non-zero δ, we require a way of dealing
with errors that arise from the fact that the ground state
is an imperfect version |G〉, rather than |G〉 itself.
We showed that this is possible for the star-lattice
AKLT model, described above, because there exists a
reduction procedure, defined in Sec. III A 2 which, for δ
below some critical value δc, yields graph states that are
universal for MBQC.
We generalise this reduction procedure as fol-
lows. Given the set of projectors (Pj)
N
j=1 satisfying
9FIG. 3: Sample graphs obtained from reducing ground states of H˜(δ) for various values of δ. Note that the vertices pictured
correspond to encoded graph state qubits, not physical particles, and we have used a scalable multilevel force directed placement
(SFDP) algorithm to compute an aesthetically appealing layout of each graph. The figure on the top left is at δ = 1, i.e. the
AKLT point. This is in the non-universal phase where the probability of a macroscopic graph state tends to zero in the
thermodynamic limit. The top right figure is at δ = 0.5, very close to the transition point. Here we see the first appearance
of a macroscopic graph state with a path of connected qubits crossing the entire lattice. At δ = 0.4, shown in the bottom
left, we are further into the universal phase, with a higher density of crossing paths. Finally, at δ = 0.2, shown in the bottom
right, we are well into the universal phase. By this point the underlying lattice (the star lattice) has become visible. One way
of interpreting the ground states of H˜(δ) within the computational phase, is as defective (although still universal) star-lattice
graph states, which can most clearly be seen in the δ = 0.2 sample.
⊗N
j=1 Pj |ψ0〉 = |G〉, we measure each particle with the
two-outcome, site-dependent, projective measurement
defined at site j by the two operators {Pj , P¯j := I −Pj}.
Note that unlike the AKLT measurement defined in Eq.
(7), this measurement is δ-independent and is projective,
so that, in principle, entangling to an ancilla is not neces-
sary when measuring individual particles in the resource.
However we did not use the general measurement in the
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FIG. 4: The probability of reducing the ground state of H˜(δ)
to a well-connected graph state (one with a crossing path) ver-
sus the deformation parameter δ around the transition point,
from Monte Carlo simulations. Each line represents a dif-
ferent lattice dimension L1 × L2. There are three spin-3/2
particles per lattice site, so the total number of particles is
3×L1×L2. We observe that below δ = 0.50±0.01 this prob-
ability tends to 1 as the number of particle increases, while
above this value the probability tends to 0. We conclude that,
below this critical value, the model has a ground state that is
universal for MBQC.
AKLT example because the probability distribution for
measurement outcomes is not as simple, and there is a
larger overhead involved in dealing with unwanted out-
comes.
If the Pj outcome is obtained for every j, the ground
state will be transformed into the graph state |G〉, how-
ever this has an exponentially small probability of suc-
cess. We will almost always obtain unwanted P¯ out-
comes, which we will call defects. Let σ be a partic-
ular outcome configuration, i.e. a boolean string σ =
σ1σ2 . . . σN where σj = 1 if Pj is obtained at site j and
σj = 0 if P¯j is obtained at site j.
Let p1(σ) be the probability of getting a particular
outcome configuration σ at δ = 1. Unlike Eq. (9) in the
AKLT case, in general it may be difficult to find a simple
expression for p1(σ). Nevertheless, given such a p1(σ),
it is easy to see how this probability distribution varies
with δ. Using the form of the ground state in Eq. (2) and
the fact that PjDj(δ)
−1 = (1/δ)Pj and P¯jDj(δ)−1 = P¯j ,
we see that the probability pδ(σ) that σ will be obtained
for δ ∈ (0, 1] is simply given by
pδ(σ) =
1
Z(δ)δ
−2Nm(σ)p1(σ) , (11)
where Nm(σ) =
∑N
j=1 σj is the number of P outcomes
obtained and Z(δ) = ∑σ δ−2Nm(σ)p1(σ) is a normali-
sation factor. The closer δ is to zero, the larger the
term δ−2 will be, and the more probable P outcomes
will be, compared with P¯ . We can reduce the probabil-
ity of P¯ outcomes arbitrarily, by reducing δ, however the
probability of obtaining exactly zero P¯ outcomes is ex-
ponentially small in the number of particles for any fixed
δ ∈ (0, 1].
Fortunately, a sufficiently small density of defects can
be dealt with. Note that this is assuming that the ground
state is a PEPS state, such that a defect is effectively iso-
lated at a site, although the argument may hold for more
general ground states. Using graph-state update rules,
we simply perform a Z-basis measurement on particles
surrounding a defect to disentangle the defect (as well
as the measured particles) from the graph. The resulting
state, after defect removal, will be a graph state similar to
|G〉 but with some qubits removed. The fact that we can
make the density of defects arbitrarily small by setting
δ sufficiently small and that MBQC with graph states is
robust against losing qubits in the preparation stage [42]
implies that, provided |G〉 is a universal resource, there
exists some δ > 0 below which the ground states of H˜(δ)
are universal for MBQC.
We remark that this general reduction procedure is not
necessarily the optimal one for a given spin model. For
instance, the star-lattice AKLT model reduction involved
a three-outcome measurement (7), rather than the two-
outcome projective measurement used in the general pro-
cedure. Obtaining an undesired outcome in the AKLT
procedure (one where the outcome is not the same as the
deformation axis of the site) modifies the graph in a sim-
ple way: usually only a single node and some of its edges
are lost. In the general procedure, if an undesired out-
come is obtained at a site, not only is that node lost, but
all surrounding nodes and their edges must be removed
as well. Because of the additional overhead involved in
defect removal, the general procedure would require a
smaller value of δ for the resulting graph states to be
universal for MBQC.
To summarise, in this section we defined a reduction
procedure, which for sufficiently small δ converts the
ground states of H˜(δ) into graph states similar to |G〉,
but with a small density of defects. While this reduc-
tion is not necessarily the most efficient one, we can be
sure that, provided δ is small enough, the resulting graph
state will be universal for MBQC.
IV. SPECTRAL PROPERTIES
We have seen that, for a member H of particular class
of frustration-free Hamiltonians, we can define a one-
parameter family of Hamiltonians H˜(δ) such that, for
sufficiently small δ, the ground state is a universal re-
source for MBQC. The model was defined such that the
ground state of H˜(δ) tends to a graph state as δ → 0,
allowing us to use reduction techniques to prove univer-
sality.
An essential consideration for MBQC is whether the
resource state can be efficiently prepared, and that it
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has some robustness against errors. Understanding these
properties requires information about excited states in
the model, not only the ground state. In this section we
will investigate how features of the excited states and the
spectrum vary as a Hamiltonian is deformed as described
in Sec. II B.
An important property of a local Hamiltonian is its
gap. We say that a model is gapped (or has a gap) if the
difference between the lowest and second lowest eigen-
values of the Hamiltonian as a function of the number
of particles N is lower bounded by some N -independent
constant. More precisely, if ∆N is the difference between
the ground state energy and the energy of the first ex-
cited state for an N particle Hamiltonian, we define the
gap of the model (an N -independent quantity) to be
∆ := inf{∆N}, where the infimum is taken over all N
for which the Hamiltonian is well defined.
The gap is a crucial consideration for the efficient
preparation and robustness of a resource for MBQC. If
the ground state of the undeformed δ = 1 Hamiltonian
can be obtained efficiently, then as long as H(δ) is gapped
for δ ∈ [δmin, 1], the ground state of H(δmin) can also be
obtained efficiently by adiabatic evolution. The notion
of a gapped path of Hamiltonians is used to define quan-
tum phases [43]. Two Hamiltonians H0 and H1 are said
to be in the same phase if there exists a continuous path
of gapped Hamiltonians Hγ with 0 ≤ γ ≤ 1 connecting
them. According to this definition, smoothly varying the
Hamiltonian around a phase, without crossing a phase
boundary, results in smooth variation of ground state
observables. A central question from the perspective of
MBQC is whether we can draw any connection between
the phase diagram of a model, and the universality of its
ground states for MBQC.
In the following, we will make some general observa-
tions about the gap properties of the Hamiltonian, before
examining a specific example of a simple 1-D chain.
A. Gap vs. fidelity
Here we will make some general comments about the
gap of our one-parameter family of models defined by
Hamiltonians H˜(δ) in Sec. II B. While H˜(δ) can be de-
fined with interactions involving arbitrary numbers of
particles, for two-body models the gap must decrease to
zero as δ approaches zero. A simple reason for this is
that H˜(δ) has a unique ground state for δ > 0, while
limδ→0 H˜(δ) has an exponentially degenerate ground
space, implying that the energy of an exponential number
of excited states must decrease to zero as δ approaches
zero.
We remark that the shrinking of the gap of the two-
body Hamiltonian with decreasing δ can be interpreted
as a necessary cost of increasing the fidelity of the ground
state with a graph state. Van den Nest previously showed
the ground state of a two-body N -qubit Hamiltonian can
only approximate an N -qubit graph state with trade-off
between the fidelity and gap [24]. While this result is not
directly applicable here (as we are not dealing with qubit
Hamiltonians) we do observe a similar trade-off.
However, as we saw in Sec. III, for a given model we
only need to reduce δ to some N -independent constant
for the ground state to be universal for MBQC. For in-
stance, the star-lattice AKLT state we only needed to
set δ ≈ 0.5 to obtain ground states universal for MBQC.
Thus, at least for the purpose of universal MBQC, we
do not need to shrink the gap by much. Nevertheless,
reducing δ towards zero reduces the randomness of the
resulting graph state, and thus reduces the overhead for
universal quantum computation.
Precisely how the gap of the Hamiltonian and the
ground state fidelity vary with δ will depend on the start-
ing Hamiltonian, and the interaction graph. In the fol-
lowing section, we will examine a specific simple example
of the spin-1 AKLT model, before commenting on general
models.
B. The spin-1 AKLT model
Analytical proofs of spectral properties, such as a gap,
for general spin models are very difficult. Thus we will
first look at a simple example of a 1-D chain, where an-
alytical results can be proven exactly, before explaining
how results may be generalised.
1. Deforming the spin-1 AKLT model
Here we will use the spin-1 AKLT model as a simple
example to highlight the effect that the deformation de-
fined in Sec. II B has on spectral properties. The spin-1
AKLT model in one-dimension is given by
H =
N∑
j=1
P J=2j,j+1 , (12)
where P J=2j,j+1 is the projection onto the symmetric spin-2
subspace of particles j and j + 1. We will impose peri-
odic boundary conditions by defining P J=2N,N+1 := P
J=2
N,1 .
This model is frustration-free and exactly solvable with a
unique ground state which we call the spin-1 AKLT state
|AKLT〉. This ground state has a simple MPS descrip-
tion [20, 35].
Assuming, for simplicity, that the length of the chain
is even, we define a sequence of rank-2 projectors (Pj)
N
j=1
as Pj = S
2
x for j odd and Pj = S
2
z for j even, where Sx
and Sz are the usual spin-1 operators. These projectors
transform |AKLT〉 to |G〉, a graph state on a ring of
length N , via
|G〉 =
 N⊗
j=1
Pj
 |AKLT〉 , (13)
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where the j-th graph state qubit resides on the two-
dimensional image of Pj . The logical basis |0〉L, |1〉L
is |1〉z, | − 1〉z on even sites and |1〉x, | − 1〉x on odd
sites, where |1〉b, | − 1〉b are +1/−1 eigenstates of Sb for
b ∈ {x, z}. One simple way of showing this is using the
tabular form of an MPS described in Ref. [29]. Following
Sec. II B, we can then define a one-parameter family of
frustration-free Hamiltonians by H˜(δ) =
∑N
j=1 h˜j,j+1(δ)
where
h˜j,j+1(δ) := Q([Dj(δ)⊗Dj+1(δ)]P J=2j,j+1 [Dj(δ)⊗Dj+1(δ)]) ,
(14)
and where Dj(δ) := δPj + (I − Pj) for all j. The
unique ground state |ψ0(δ)〉 of H˜(δ), has the property
that |ψ0(1)〉 = |AKLT〉 and |ψ0(δ)〉 → |G〉 as δ → 0.
We remark that a similar type of deformation to the
AKLT model, which preserves frustration freeness and
Z2×Z2 symmetry, has been studied previously [44]. Cor-
relations, elementary excitations and the entanglement
spectra of these models have been studied [45, 46]. In
contrast to our model, these previous studies consider a
deformation that is directed along the z-axis on every
site (i.e. Pj = S
2
z for all j), rather than along the z-axis
on even sites and the x-axis on odd sites. The ground
state for their model in the limit of small δ is an antifer-
romagnetic GHZ state, rather than a graph state.
In the following, we will compare the spectral proper-
ties and elementary excitations of our model with this
anisotropic antiferromagnet.
2. Fidelity of the deformed ground state
Before discussing spectral properties of the deformed
spin-1 AKLT model, we will relate the δ parameter
to the fidelity of the ground state with a graph state
F = |〈G|ψ0(δ)〉|2. Assuming that |ψ0(δ)〉 is normalised,
we can use the fact that 〈G| = 〈G|⊗j Pj and that⊗
j Pj |ψ0(δ)〉 ∝ |G〉 to see that F represents the prob-
ability of obtaining Pj instead of I − Pj on every site
when measuring each particle with projective measure-
ment {Pj , I−Pj}. Therefore F decays exponentially with
N . As discussed previously, and in Ref. [42], a graph
state can tolerate a non-zero density of defects without
destroying its universality for MBQC. Therefore, while
F represents the probability of obtaining exactly zero er-
rors, a more useful property in the context of MBQC is
F 1/N . This is an intensive quantity corresponding to the
probability that the projective measurement of a given
particle j will obtain Pj (assuming that this probability
is site-independent). The probability of obtaining I −Pj
on a given site j is  := 1−F 1/N . Using the MPS form of
the ground state, we find the error probability per parti-
cle in terms of δ is given by
 = 1− 2
δ2 + 2
=
1
2
δ2 +O(δ4) . (15)
3. Spectral properties of the deformed model
We will now analyse how spectral properties of the
model H˜(δ), defined above, vary as δ varies. In particu-
lar, we will study the gap and the elementary excitations
as δ is reduced to zero.
For all δ > 0, the two-body interaction h˜(δ)j,j+1 is a
rank-five projection operator. As δ → 0, the two-body
interaction term tends to the projection
lim
δ→0
h˜j,j+1(δ) = I − PjPj+1 . (16)
The ground space of this interaction is simply the four-
dimensional image of PjPj+1, i.e. a space of two uncou-
pled qubits. Therefore, the ground space of the limiting
Hamiltonian limδ→0 H˜(δ) has a 2N -fold degeneracy and
cannot be used as a resource for MBQC.
To study the spectrum of the model as a function δ,
we performed an analysis using MPS methods and exact
diagonalisation with up to 14 particles. We have plotted
the spectrum of H˜(δ) as a function of δ for a chain of 8
particles in Fig. 5. The spectrum of the 8 particle Hamil-
tonian is shown rather than the largest calculated 14 par-
ticle Hamiltonian as fewer energy levels makes spectral
properties more clearly visible. The model is gapped in
the thermodynamic limit for any δ > 0. We analytically
calculated a lower bound for the gap of O(δ4) using MPS
methods [20, 48] and this agrees with our numerics. We
can combine this with the expression for the error den-
sity  = 12δ
2 + O(δ4) to relate the error probability per
particle to the gap  = O(∆1/2).
We will briefly comment on the elementary excitations
of this 1-D model. The elementary excitations of the
spin-1 AKLT model are called ‘crackions’ and have been
studied numerically and analytically [47, 49, 50]. They
have also been studied for the AKLT model with a single-
axis anisotropy [45] as described above. Crackions can
be well approximated by replacing a singlet bond with a
triplet state in the valence-bond solid description of the
AKLT state, then constructing a momentum eigenstate
using all positions of the replaced bond. The crackions
have total spin-1, and in the limit of large N have a
dispersion of E(k) = (25 + 15 cos(k))/27, with lowest
energy at momentum k = pi [50].
Using our exact diagonalisation data, we observed the
behaviour of the lowest energy k = pi crackions as δ
was varied. We split energy eigenstates into different
Z2×Z2 symmetry sectors labelled 1, x, y, z, where x, y, z
are -1 eigenstates of global x, y, z flips respectively, and
+1 eigenstates are unaffected by any flip. The model
at δ = 1 is fully rotationally symmetric, and the crack-
ions are three-fold degenerate. Reducing δ from 1 creates
anisotropy, causing the y crackion to split from the two-
fold degenerate x and z crackions. The energy of each
of the x, y, and z crackions with k = pi appears to vary
as O(δ4), and they remain the lowest energy excitations
for small δ. The crackions defined for k 6= pi appear to
vary as O(δ2). Clearly the model has a non-trivial dis-
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FIG. 5: Energy spectrum vs. the deformation parameter δ for the two-body Hamiltonian H˜(δ) (left) and the three-body
Hamiltonian H˜(3)(δ) (right) on a ring of 8 particles. The ground state for any fixed δ is identical for both Hamiltonians.
Two-site translational symmetry and Z2×Z2 symmetry have been imposed. The colour of each line indicates the momentum of
the eigenstate, where red, orange and green indicate 0, pi/2 and pi momentum respectively. The k = 3pi/2 levels (not pictured)
would be identical to the pi/2 levels due to reflection symmetry. Note that the system has two-site, rather than single-site
translational invariance. Thus, k = pi momentum states under single-site translational invariance (e.g. crackions [47]) actually
appear to have k = 0 under two-site translational invariance. For clarity, only the lowest three eigenvalues of each symmetry
sector have been plotted in the two-body case. We observe that an exponential number of excited levels approach zero energy in
the two-body case. In contrast, as δ approaches zero, the three-body model approaches the cluster model, which has commuting
terms with a unit gap and flat dispersion (i.e. the same energy for different k).
persion relation for small δ. That is, although our model
possesses a ground state that approaches a graph state
as δ → 0, the spectral properties of this model are very
different to the cluster model (given by a sum over sta-
bilizers).
To summarise, in this section we highlighted how spec-
tral properties of the one-dimensional AKLT model vary
as it is deformed. We showed that the model has a non-
trivial dispersion relation for small δ and the gap shrinks
as the fidelity of the ground state with a graph state in-
creases.
4. Two-body vs. three-body interactions
In the previous section, we studied the spectral prop-
erties of the spin-1 two-body Hamiltonian H˜(δ), which
has a 1-D graph state as an approximate ground state
for small δ. Note that the Hamiltonian deformation de-
fined in Sec. II B is not restricted to two-body Hamiltoni-
ans. Here we will highlight differences between H˜(δ) and
higher-body parent Hamiltonians with the same ground
state. We observe that the gap of a three-body Hamil-
tonian with the same ground state does not shrink when
the ground state approaches a graph state. This three-
body Hamiltonian also has a trivial dispersion relation
for small δ. We will see that these properties are inher-
ited from the three-body cluster Hamiltonian on a line.
Let H(3) =
∑
j hj−1,j,j+1 be a three-body parent
Hamiltonian for |AKLT〉, where each interaction term
hj−1,j,j+1 is defined as the projection onto the orthogonal
complement of the kernel of sums of pairs of neighbour-
ing AKLT interaction terms, i.e. hj−1,j,j+1 = Q(Pj−1,j +
Pj,j+1). Periodic boundary conditions are imposed by
setting h0,1,2 := hN,1,2 and hN−1,N,N+1 := hN−1,N,1.
The resulting Hamiltonian is equivalent to the usual
MPS definition of a parent Hamiltonian, where hj−1,j,j+1
projects onto the orthogonal complement of the kernel
of the reduced density matrix of |AKLT〉 on particles
j − 1, j and j + 1. Given that H(3) is frustration-free
with |AKLT〉 as its unique ground state, we can apply
the deformation defined in Sec. II B to obtain a three-
body Hamiltonian H˜(3)(δ) =
∑N
j=1 h˜j−1,j,j+1(δ) that has
|ψ0(δ)〉 as its unique ground state.
The three-body Hamiltonian H˜(3)(δ) and the two-body
Hamiltonian H˜(δ) have the same unique ground state for
δ > 0. Furthermore, proving that H˜(3)(δ) is gapped is
equivalent to proving that H˜(δ) is gapped because
λmin(δ)h˜j−1,j,j+1(δ) ≤ h˜j−1,j(δ) + h˜j,j+1(δ) ,
≤ λmax(δ)h˜j−1,j,j+1(δ) , (17)
where λmin(δ) and λmax(δ) are, respectively, the smallest
and largest non-zero eigenvalues of h˜j−1,j(δ) + h˜j,j+1(δ).
These eigenvalues are independent of N and j. More
precisely, if H˜(3)(δ) has gap ∆(3)(δ) then H˜(δ) has a gap
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∆(2)(δ) satisfying ∆(2)(δ) ≥ λmin(δ)∆(3)(δ)/2.
We have plotted the spectrum of H˜(3)(δ) as a function
of δ next to the spectrum of H˜(δ) in Fig. 5. We see
that the spectrum of H˜(3)(δ) has a discrete set of evenly
spaced energy levels for small δ. As δ tends to zero, the
ground state tends to a graph state. For all δ > 0, the in-
teraction term h˜j−1,j,j+1(δ) is a projection operator with
a four-dimensional kernel equal to the support of the re-
duced density operator of |ψ0(δ)〉 on particles j − 1, j,
and j + 1. Varying δ can simply be viewed as rotat-
ing the kernel of h˜j−1,j,j+1(δ). Consider the interaction
term obtained by taking the limit limδ→0 h˜j−1,j,j+1(δ).
By continuity, this is a projection operator with a four-
dimensional kernel, that contains the graph state |G〉 in
its ground space. The only operator with this property
is the three-body parent Hamiltonian of the graph state,
given by the three-body stabilizer Hamiltonian
lim
δ→0
h˜j−1,j,j+1(δ) = I − 1
2
(Pj−1PjPj+1 + Zj−1XjZj+1) ,
(18)
where the Pauli operators Xj and Zj are supported on
the logical subspace of j (which we specified in Sec.
IV B 1). These terms commute and hence the limiting
Hamiltonian limδ→0 H˜(3)(δ) with N fixed is trivially di-
agonalisable with unit gap. Furthermore, this Hamilto-
nian has |G〉 as its unique ground state.
Contrast this behaviour to that of the two-body Hamil-
tonian H˜(δ), which has a gap that shrinks to zero as
δ → 0. Recall that ∆(2)(δ) ≥ λmin(δ)∆(3)(δ)/2. De-
spite the fact that ∆(3) → 1 as δ → 0, the gap of
the two-body Hamiltonian shrinks because λmin(δ) =
O(δ4). In other words, the gap of the two-body Hamil-
tonian shrinks because the smallest non-zero eigenvalue
λmin(δ) of the sum of two neighbouring interaction terms
h˜j,j+1(δ) + h˜j+1,j+2(δ) shrinks to zero as δ → 0. In Fig.
5 we see that the three-body Hamiltonian H˜(3)(δ), also
has crackionic excitations with non-trivial dispersion at
δ = 1. However, as δ tends to 0, the dispersion rela-
tion of this model becomes completely flat, due to the
fact the terms in the limiting Hamiltonian commute. In
contrast, as mentioned in the previous section, the dis-
persion of the two-body Hamiltonian for small δ is more
complicated (it is certainly not flat).
In this section we showed that there are many sim-
ple properties that the three-body parent Hamiltonian
H˜(3)(δ) has that the two-body Hamiltonian H˜(δ) does
not have, despite both having the same ground state. In
particular, the three-body Hamiltonian after taking the
limit as δ → 0 has the graph state as a unique ground
state and a unit gap, while the corresponding two-body
Hamiltonian has a gap that shrinks as δ is reduced, and
has a degenerate ground space in the limit as δ → 0.
C. Generalising spectral properties
In the previous sections we studied the spectral prop-
erties of a simple spin-1 chain that when deformed in the
way described in Sec. II B, has a linear graph state as an
approximate ground state. Here we will discuss whether
any of these results can be generalised to systems that
have two and higher-dimensional graph states as approx-
imate ground states.
We explained in Sec. IV A that the gap of any two-
body Hamiltonian H˜(δ) constructed as in Sec. IV B 1
shrinks to zero as δ is reduced to zero and the fidelity of
the ground state with any graph state approaches 1. In
the particular case of the spin-1 AKLT model, described
in the previous sections, we saw that the error density
is related to the gap by  = O(∆1/2). Unfortunately,
describing the trade-off between gap and fidelity, indeed
even proving the existence of a gap, becomes highly non-
trivial in two and higher dimensions. While there do
exist computable sufficient conditions for a frustration-
free model to be gapped [21, 47], these are not always
easy to check. For instance, it is still unknown whether
the honeycomb lattice spin-3/2 AKLT model is gapped
(although there is numerical evidence in favour of it being
gapped [41]).
Ultimately, we would like to prove that the model
is gapped for sufficiently small δ. If the Hamilto-
nian limδ→0 H˜(δ) has a graph state as a non-degenerate
ground state and a gap (as was the case in the three-
body deformed AKLT Hamiltonian in Sec IV B 4) then
H(δ) will be gapped for small, non-zero δ. This follows
from results concerning the robustness of a gap in PEPS
[51]. Unfortunately, we cannot directly apply this result
to two-body Hamiltonians, due to the fact that for these
models the ground space limδ→0 H˜(δ) is exponentially
degenerate. It may be possible to lower bound the gap of
a two-body Hamiltonian with the gap of a higher-body
Hamiltonian with a simpler spectrum, as we could do in
the 1-D case, however the precise details of this remain
unclear for general graphs. We leave this question open
for future investigation.
1. Comparison to perturbation theory approaches
The spectral properties studied reveal a number of sim-
ilarities between our approach and approaches that use
perturbation theory to obtain graph states as approxi-
mate ground states of two-body Hamiltonians [1, 24, 27].
These approaches consider a Hamiltonian of the form
H = gHS+λV where HS is regarded as the unperturbed
Hamiltonian and λV is a small perturbation. The un-
perturbed Hamiltonian HS is exponentially degenerate,
much like our limiting Hamiltonian limδ→0 H˜(δ). Adding
the perturbation splits the degeneracy of the ground
space, selecting an approximation to a graph state |G〉
as a unique ground state. Much like the δ parameter in
our model, reducing λ/g towards zero in their model in-
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creases the fidelity of the ground state with the target
(encoded) graph state while reducing the size of the gap.
Both in our approach and in perturbation the-
ory approaches, the graph state qubits reside in two-
dimensional subspaces of higher dimensional quantum
systems. One difference is that, while perturbation the-
ory approaches involve spin-1/2 particles, our approach
requires spin-1 and higher particles.
Furthermore, in the frustration-free models considered
in this paper, the ground states have simple MPS/PEPS
descriptions. As we saw in the star-lattice AKLT model
example in Sec. III, this property can be used to obtain
an exact expression for the statistics of the reduction pro-
cedure and the post-reduction states, thereby allowing us
to show that large regions in the parameter space of the
model have ground states universal for MBQC. In the
perturbation theory approach, errors due to the ground
state encoding only an imperfect graph state for non-zero
λ/g are dealt with using quantum error correction tech-
niques. Hence, while both approaches necessarily result
in imperfect graph states as ground states, the imperfec-
tion is dealt with quite differently.
While ground space properties are relatively easy to
compute in our approach, computing properties of the
excited spectrum of the model for small δ is, in general,
non-trivial. We saw in Sec. IV B 3 that, even in one di-
mension, the deformed AKLT model has a complicated
dispersion relation for small δ. This is in contrast to the
flat spectrum of the cluster model. Perturbation theory
approaches yield an entire approximate cluster Hamilto-
nian in the low energy sector of a two-body Hamiltonian,
rather than just an approximate ground state.
To summarise, our approach yields exactly solvable
models with simple tensor network ground states yet
complex spectra, while perturbation theory approaches
approximate an entire target Hamiltonian albeit with er-
rors that have to be analysed using perturbation theory.
V. CONCLUSIONS
In this paper, we constructed frustration-free two-
body Hamiltonians that have graph states as approxi-
mate ground states, where each graph state qubit resides
in a two-dimensional subspace of each physical particle.
The approach works by starting with a frustration-free,
two-body Hamiltonian with a ground state that can be
stochastically converted to a graph state with local oper-
ations, then applying a deformation to the Hamiltonian,
parametrised by δ, such that in the limit as δ → 0, the
ground state tends to a graph state. The Hamiltonian
remains frustration-free and two-body under this defor-
mation.
We can use this deformation to obtain phases of
frustration-free, two-body Hamiltonians which have
ground states that are universal for MBQC. We con-
sidered the example of the spin-3/2 AKLT model on a
star-lattice, on which existing techniques for performing
measurement-based quantum computation fail. Apply-
ing this deformation to the star-lattice AKLT model,
yeilds an apparent sharp transition in computational
power at δ ≈ 0.5, below which the ground states are
universal for MBQC.
Reducing δ improves computational properties of the
ground state, however, for realistic models that have two-
body interactions, it also reduces the size of the gap.
Hence there is a trade-off between the fidelity of the
ground state with target graph state and the gap of the
model. While analytically deriving spectral properties of
these types of Hamiltonians is difficult in general, we per-
formed a detailed analysis of the 1-D AKLT model, which
under deformation yields a 1-D graph state as an approx-
imate ground state. Restricting to two-body Hamiltoni-
ans on a ring we found that the trade-off between the
fidelity F of the ground state with a graph state and the
gap is given by 1 − F 1/N := O(∆1/2). For three and
higher body Hamiltonians, there is no such trade-off (fi-
delity can be improved arbitrarily at no cost).
New tools are required for a detailed analysis of the
gap in two and higher dimensions. One related line of
future research would be to examine effect of errors, and
non-zero temperature on the computational power of the
model. It has been shown that graph states in three
dimensions can be used for topological quantum compu-
tation with high error thresholds [52, 53] and a natural
robustness to thermal noise [11, 54]. It would be inter-
esting if such robustness can be carried over to the graph
state models described in this paper, which can also be
defined in 3-D.
We remark that this approach to constructing two-
body Hamiltonians is quite different to previous ap-
proaches that use stabilizers or perturbation theory. It
would be interesting to see if this type of construction
can be used to define two-body frustration-free models
for other information processing tasks.
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